We give the definition of uniform symmetric continuity for functions defined on a nonempty subset of the real line. Then we investigate the properties of uniformly symmetrically continuous functions and compare them with those of symmetrically continuous functions and uniformly continuous functions. We obtain some characterizations of uniformly symmetrically continuous functions. Several examples are also given.
Introduction and Preliminaries
The concept of continuity and any concept involving continuity play a very important role in real analysis, functional analysis, and topology. There are various types of continuities, four of which will be discussed in this article. Let R be the set of real numbers, A a nonempty subset of R, and f : A → R.
(i) The function f is said to be continuous at a point a ∈ A if for every ε > 0, there exists a δ > 0 such that |f (x) − f (a)| < ε whenever x ∈ A and |x − a| < δ. We say that f is continuous on A if it is continuous at each point of A.
(ii) The function f is said to be uniformly continuous on A if for every ε > 0, there exists a δ > 0 such that |f (x) − f (y)| < ε whenever x, y ∈ A and |x − y| < δ.
(iii) The function f is said to be symmetrically continuous at a ∈ A if for every ε > 0, there exists a δ > 0 such that |f (a + h) − f (a − h)| < ε for all h ∈ R such that |h| < δ, a + h ∈ A and a − h ∈ A. We say that f is symmetrically continuous on A if it is symmetrically continuous at every point of A.
Like continuous functions, symmetrically continuous functions have been studied thoroughly by many authors, see for example in [2, 3, 4, 5, 8, 9, 10, 11, 12, 13, 14, 15] . In particular, Marcus [7] writes an article on various types of symmetry on the real line such as symmetric sets, asymmetric sets, antisymmetric sets, symmetric functions, symmetric continuities, and symmetric derivatives. It is in this article [7] that Marcus defines a concept of uniform symmetric continuity. However, it turns out that uniform symmetric continuity and uniform continuity of the functions defined on an interval are equivalent. [7] ) Let I be a nonempty interval and f : I → R. Then f is uniformly symmetrically continuous on I if and only if f is uniformly continuous on I.
Proposition 1.2. (Marcus
Considering Proposition 1.2, Marcus [7] posts the following two problems: Problem 1 Let f : I → R (I is an open interval) be a symmetrically continuous function. Let B ⊆ I be such that for every ε > 0, there exists a δ > 0 such that if |h| < δ and b, b+h, b−h ∈ B, then |f (b+h)−f (b−h)| < ε. Determine cases when under this condition, f is uniformly continuous on I.
Problem 2 Find a new way to define uniform symmetric continuity so that it is not equivalent to uniform continuity.
Motivated by these problems, we now propose a new definition of uniform symmetric continuity which naturally extends Definition 1.1. Definition 1.3. Let A be a nonempty subset of R and f : A → R. We say that f is uniformly symmetrically continuous on A if for every ε > 0, there exists a δ > 0 such that |f (a+h)−f (a−h)| < ε for all h ∈ R, a ∈ A satisfying |h| < δ, a+h ∈ A and a−h ∈ A. In addition, if B is a nonempty subset of A, then we say that f is uniformly symmetrically continuous on A with respect to B if for every ε > 0, there exists a δ > 0 such that
Then a complete answer to Problem 1 given by Kostyrko [6] can be stated in our language as follows: The purpose of this article is to investigate further the properties of uniformly symmetrically continuous functions defined on a nonempty subset of R and compare them with those of continuous functions, uniformly continuous functions and symmetrically continuous functions defined on the same domain. We will give basic relations between these four types of continuities in Section 2. Then we will give some characterizations of uniformly symmetrically continuous functions in Sections 3 and 4. We end this section by giving some propositions that will be used later. Proof. See, for example, in [9, 10] .
The next proposition is well known but it should be compared with Theorem 2.3. So we give it here for the reader's convenience. 
Proof. See, for example, in [1, p. 162 ].
Basic Relations
In connection with four types of the continuities mentioned above, the problem arises to investigate their relation which can be summarized in the following diagram:
f ∈ C → f ∈ SC but the converse does not hold,
f ∈ USC → f ∈ SC but the converse does not hold,
f ∈ UC → f ∈ USC but the converse does not hold,
USC C and C USC,
where USC = {f : A → R | f is uniformly symmetrically continuous on A}, UC = {f : A → R | f is uniformly continuous on A}, C = {f : A → R | f is continuous on A}, and
It is well known that every uniformly continuous function is continuous and the function f : (0, 1) → R given by f (x) = 1 x is continuous on (0, 1) but is not uniformly continuous on (0, 1). In addition, it is easy to see that every continuous function is symmetrically continuous and the function f : R → R given by f (x) = 1 if x = 0 and f (x) = 0 if x = 0 is symmetrically continuous but is not continuous. We refer the reader to [9, 10] for more details. So (1) and (2) are proved. We will give theorems and examples to prove (3), (4) and (5). First, we show that one direction of Proposition 1.2 still holds. Proof. Assume that f is uniformly continuous on A. Let ε > 0 be given. Then there exists a δ > 0 such that |f (x) − f (y)| < ε whenever x, y ∈ A and |x − y| < δ.
This shows that f is uniformly symmetrically continuous on A.
It is obvious that every uniformly symmetrically continuous function is symmetrically continuous. Let us record this as a proposition. Proof. This follows immediately from the definition.
Next we will give a sequential criterion for uniform symmetric continuity of functions, which should be compared with Proposition 1.6. Remark that by Definition 1.3, a function f : A → R is uniformly symmetrically continuous on A with respect to A if and only if f is uniformly symmetrically continuous on A. ∈ B for every n, then |f (x n )−f (y n )| → 0 as n → ∞. In particular, f is uniformly symmetrically continuous on A if and only if for each sequence (x n ) and (y n ) in A, if |x n − y n | → 0 as n → ∞ and
Proof. First, assume that f is uniformly symmetrically continuous on A with respect to B and let (x n ), (y n ) be sequences in A such that |x n − y n | → 0 as n → ∞ and xn+yn 2 ∈ B for every n. To show that |f (x n ) − f (y n )| → 0, let ε > 0 be given. Then there exists a δ > 0 such that
. Then |h| < δ, b ∈ B, and {b + h, b − h} = {x n , y n } ⊆ A. Therefore, by (6), we obtain
Next suppose that f is not uniformly symmetrically continuous on A with respect to B. Then there is an ε > 0 such that for every δ > 0, there are h ∈ R and b ∈ B satisfying |h| < δ, b + h, b − h ∈ A, and |f
This implies that for each n ∈ N, there are h n ∈ R, b n ∈ B such that
. Then f is continuous on (0, ∞) and by (2) , it is also symmetrically continuous on (0, ∞).
which does not converge to zero. By Theorem 2.3, we see that f is not uniformly symmetrically continuous on (0, ∞).
Next we will give a uniformly symmetrically continuous function which is not continuous. To obtain such a function, we will use Theorem 2.3 and an argument from element number theory. does not converge to f (0), so f is not continuous at 0. Next we will show that f is uniformly symmetrically continuous on A, by applying Theorem 2.3. So we let (x n ) and (y n ) be sequences in A such that |x n − y n | → 0 as n → ∞ and xn+yn 2 ∈ A for all n ∈ N. Now we only need to prove |f (x n ) − f (y n )| → 0 as n → ∞. In fact, we can obtain a stronger result that x n = y n for every n ∈ N. Since 2p is even but an element of A is either 0 or the reciprocal of an odd number, we see that
Next suppose that there are distinct odd primes p, q and r such that
By (7), (8), and the fact that (x n ) and (y n ) are sequences in A and xn+yn 2 ∈ A for every n ∈ N, we obtain x n = y n for every n ∈ N, as asserted. ∈ A for every n ∈ N, and |x n −y n | = 1 n → 0 as n → ∞. But |f (x n )−f (y n )| = 1 which does not converge to zero. By Theorem 2.3, f is not uniformly symmetrically continuous. Examples 2.5 and 2.7 may seem artificial. For example, the reader may like to see the set A satisfy: for every a ∈ A, there exists a sequence (h n ) such that h n → 0, h n = 0, a ± h n ∈ A for every n ∈ N. We show this in the next example.
We will show that f is uniformly symmetrically continuous but not continuous.
Proof. We can choose a sequence (a n ) in Q so that a n → √ 2 but f (a n ) = 1, which does not converge to f ( √ 2). So f is not continuous. Next let (x n ), (y n ) be sequences in A, |x n −y n | → 0 as n → ∞, and xn+yn 2 ∈ A for every n ∈ N. It is easy to see that if x ∈ Q, then x+ √ 2 2 / ∈ A. This implies that for each n ∈ N, x n and y n both lie in Q or both lie in { √ 2}. Therefore |f (x n ) − f (y n )| = 0 for every n. By Theorem 2.3, f is uniformly symmetrically continuous on A.
Basic Properties and Examples of Uniformly Symmetrically Continuous Functions
Although uniformly symmetrically continuous functions and uniformly continuous functions are different, they share some basic properties as will be shown in this section. (ii) If f and g are bounded on A, then f g is uniformly symmetrically continuous on A.
(iii) If f is bounded on A and g is bounded away from zero, then
f g is uniformly symmetrically continuous on A.
Proof. Let (x n ) and (y n ) be sequences in A, |x n − y n | → 0 as n → ∞, and xn+yn 2 ∈ A for every n ∈ N. We can apply Theorem 2.3 to the following equations:
From this, we obtain (i). For (ii), suppose that there are constants M 1 > 0 and M 2 > 0 such that |f (x)| ≤ M 1 and |g(x)| ≤ M 2 for all x ∈ A. Then
From this, Theorem 2.3 can be applied again. For (iii), assume that there exists a δ > 0 such that |g(x)| ≥ δ for every x ∈ A. Then 1 g is bounded on A and
as n → ∞. So by Theorem 2.3 and by (ii), f g is uniformly symmetrically continuous on A.
The next example shows that the boundedness of f and g in Theorem 3.1(ii) cannot be omitted. , y n = n, and
It is a fact that if A is a bounded subset of R and f is uniformly continuous on A, then f is bounded on A. This does not hold in the case of uniformly symmetrically continuous functions as shown in the next example. Next we give a result concerning sequences of uniformly symmetrically continuous functions. Proof. Assume that f n → f uniformly on A and let ε > 0 be given. Then there is an N ∈ N such that
Since f N is uniformly symmetrically continuous on A, there exists a δ > 0 such that
for all h ∈ R, a ∈ A such that |h| < δ, a + h, a − h ∈ A.
where we use (9) for the first and the third term and we use (10) for the second term. This shows that f is uniformly symmetrically continuous on A.
The next example shows that pointwise limit of a sequence of uniformly symmetrically continuous functions may not be uniformly symmetrically continuous. In fact, it may not even be symmetrically continuous.
Since f n is continuous on the compact set [0, 2], it is uniformly continuous on [0, 2] . By Theorem 2.1, f n is uniformly symmetrically continuous on [0, 2]. The pointwise limit of (f n ) is given by f (x) = 0 if x < 1 and f (x) = 1 if
, f is not symmetrically continuous at x = 1, by Proposition 1.5.
Next we show more examples to give a clearer picture of uniformly symmetrically continuous functions. Example 3.6. Any function f : Z → R is uniformly symmetrically continuous on Z. This is because if ε > 0 is given, we can choose δ = 1 2 so that if h ∈ R, |h| < δ, a ∈ Z, a + h, a − h ∈ Z, then h = 0, and therefore ∈ B for every n ∈ N, and |f (x n ) − f (y n )| = 2n. From this, Theorem 2.3 can be applied to obtain that f is not uniformly symmetrically continuous on R with respect to B.
Considering Examples 2.5 and 2.8, it is natural to ask whether or not there is a continuous function f : A → R such that the interior of A is not empty and f is uniformly symmetrically continuous on A but f is not uniformly continuous on A. We will construct such a function in the next example.
Example 3.8. Define a sequence (a n ) recursively by
, and for n ≥ 2, a 4n−3 = a 4n−4 +1, a 4n−2 = a 4n−3 + 1 n+1
We will show that f is continuous and uniformly symmetrically continuous on A but f is not uniformly continuous on A.
Proof. Since f is a constant on each interval [a 2i−1 , a 2i ], it is not difficult to see that f is continuous on A. Next, for each n ∈ N, let x n = a 4n−1 , y n = a 4n−2 . Then (x n ), (y n ) are sequences in A, |x n − y n | = n → ∞ but |f (x n ) − f (y n )| = 2 for every n ∈ N. So by Proposition 1.6, f is not uniformly continuous on A. Next we will show that f is uniformly symmetrically continuous on A by applying Theorem 2.3. Let (x n ), (y n ) be sequences in A, |x n − y n | → 0 as n → ∞, and xn+yn 2 ∈ A for every n ∈ N. Since |x n − y n | → 0, there exists N ∈ N such that |x n − y n | < 1 for every n ≥ N.
By the definition of (a n ),
Let n ≥ N. By (11), (12) , and the construction of A, we obtain that x n and y n lie in the interval [a 4k−3 , a 4k−2 ] ∪ [a 4k−1 , a 4k ] for some k ∈ N. Suppose that x n and y n lie in a different interval, say x n ∈ [a 4k−3 , a 4k−2 ] and y n ∈ [a 4k−1 , a 4k ]. Then
= a 4k−2 , and
∈ (a 4k−2 , a 4k−1 ). Hence xn+yn 2 / ∈ A, a contradiction. This shows that x n and y n lie in the same interval. Thus |f (x n ) − f (y n )| = 0 for every n ≥ N. This completes the proof.
The construction in Example 3.8 may seem complicated. The next example shows that a simpler domain does not give the desired result.
Example 3.9. Let a 1 = 0, a n = a n−1 + x n = a 2n−1 , y n = a 2n+1 for every n ∈ N. Then (x n ) and (y n ) are sequences in A, |x n − y n | = → 0 as n → ∞, and for every n ∈ N, we have Proof. Since inf {d(B i , B j ) | i = j} > 0, B i ∩ B j = ∅ for every i = j. In addition, if ε > 0 is given, we can choose a δ > 0 so that for x, y ∈ A, |x − y| < δ implies x and y lie in the same set B i and thus |f (x) − f (y)| = |f i (x) − f i (y)|. From this it is easy to see that the uniform continuity of f follows from the uniform continuity of f 1 , f 2 , . . ., and f k . Proof. By Theorem 2.1, we only need to prove one direction. Assume that f is uniformly symmetrically continuous on A. Then f is uniformly symmetrically Then f is uniformly continuous on [0, 1] and on [2, 3] . By Lemma 4.1, f is uniformly continuous on [0, 1] ∪ [2, 3] . On the other hand, we cannot apply Lemma 4.1 to the function g since d ((0, 1), (1, 2) ) = 0. In fact, g is not uniformly continuous on (0, 1) ∪ (1, 2) although g | (0,1) and g | (1, 2) are uniformly continuous on (0, 1) and (1, 2), respectively. To show this, let x n = 1 + 1 n+1
, y n = 1 − 1 n+1 for every n ∈ N. Then (x n ) and (y n ) are sequences in (0, 1) ∪ (1, 2), |x n − y n | = 2 n+1 → 0 as n → ∞ but |g(x n ) − g(y n )| = 1 for all n ∈ N. So by Proposition 1.6, g is not uniformly continuous on (0, 1) ∪ (1, 2).
